Abstract. The skein theory associated to the HOMFLY polynomial invariant of oriented knots and links in the three-sphere is explored in order to provide the background results necessary for the creation of a Topological Quantum Field Theory. A simple local duality result in the skein theory is proved. It allows vector space dimensions in the theory to be correlated with the structure constants in a skein algebra associated to the solid torus.
Introduction
There is an almost automatic way in which a Topological Quantum Field Theory (a TQFT), as outlined in [1] , can be constructed from a three-manifold invariant that is generated by a skein theory. Of course the skein theory must satisfy some properties. This approach and the requisites of the skein theory are clearly explained in [2] , where it is noted that the SU(2) skein theory is exemplary. The immediate purpose of this paper is to check that the skein theoretic formulation given by Y.Yokota [16] , for the SU(N ) invariants for framed links in three-manifolds, does indeed satisfy these requirements (at least at infinitely many roots of unity). However, in addition, various other aspects of SU(N ) skein theory will also be developed. Note that this SU(N ) theory is the skein theory that is based on the defining identity of the HOMFLY polynomial invariant (of oriented knots and links) with a specific substitution made for its variables.
A TQFT, in the dimensions under consideration, associates to every closed oriented surface Σ a vector space V (Σ). It is required that V (Σ 1 Σ 2 ) = V (Σ 1 ) ⊗ V (Σ 2 ) and that V (Σ) be finite dimensional. Those results are here established for the SU(N ) skein theory, the method used depending on the re-coupling properties of an anti-symmetriser g (N) , an idempotent in a certain skein algebra. As explained in Section 3, if Σ is the boundary of an oriented three-manifold M (which can be assumed to be contained in S 3 ) then V (Σ) is a certain quotient S N (M ) of a skein space S N (M) generated by framed links in M . It will be immediate that V (Σ) = V (Σ) * , where Σ is Σ with its orientation reversed and the asterisk denotes dualisation. The general philosophy of [2] (together with the existence of the three-manifold invariant from [16] ) completes the creation of a TQFT. It extends V to become a covariant functor, from the category of oriented surfaces and oriented three-dimensional cobordisms with a p 1 -structure, to the category of finite dimensional complex vector spaces and linear maps. A cobordism C from Σ 1 to Σ 2 is an oriented three-manifold with ∂C = Σ 1 ∪ Σ 2 . If ∂M 1 = Σ 1 and ∂M 2 = Σ 2 , evaluation of the SU(N ) invariant [16] of the union, in M 1 ∪C ∪M 2 , of a framed link in M 1 and a framed link in M 2 induces a map V (Σ 1 )⊗V (Σ 2 ) * −→ C. This corresponds in the natural way to a map V (Σ 1 ) −→ V (Σ 2 ). This, modulo a factor from the p 1 -structure on C, is the linear map V (C) required in the functor's definition. The details of all this are fully explained in [2] and will not feature here. Here, however, further exploration shows how the dimension of V (Σ) can be determined from the structure constants of a skein algebra of the solid torus S 1 × D 2 . That is made possible by a new local duality lemma, a skein theory result that, in a sense, allows the directions on any desired segments of a link to be reversed. Next, a version of 'fusion theory' is developed that, in particular, permits direct verification of the fact that the underlying three-manifold invariant of S 1 × Σ is equal to the dimension of V (Σ). Finally, an SU(N ) skein theory version of the Turaev-Viro invariants is established by means of an extension of the 'chain mail' method of J.D.Roberts [13] .
Originally the quantum three-manifold invariants were propounded by E.Witten, [15] . Those corresponding to the Lie group SU(N ) were substantiated in the work of V.G. Turaev and H.Wenzl [14] using the details of representation theory. An alternative proof of the existence of these invariants using skein theory was later given by Yokota [16] . Many of the results of his work are quoted here. This skein theory approach has advantages in that it stays close to the visualisable ideas of elementary knot theory and is able to employ 'obvious' geometric manoeuvres. It should be noted that the theory for N = 2 is very much easier than that for general integer values of N . That can be attributed in part to the fact that the representation theory of the Lie algebra sl 2 is self dual or to the fact that the Jones polynomial, [3] or [8] , is (when viewed by means of the elegant 'bracket' of L.H.Kauffman [4]) really a theory for unoriented framed links. Representation theory for sl N is not self dual, and the HOMFLY polynomial insists that links be oriented. The SU(2) theory was established in [12] using representation theory and a simple skein theoretic method was given in [5] and [6] and was improved in [7] .
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